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1. Let D be the open unit disc, S! its boundary.

(a) Show that, for « € S, 3 € D, the rational function z — « lz_%b’z

maps D biholomorphically onto D and S! bijectively onto S*.

(b) Show that the functions defined in (a) form a group under com-
position. [10 + 10 =
20]

2. Let © be a simply connected domain such that 0 € Q. Let f: Q — D
be a holomorphic function such that f(0) = 0. If f is not onto D,
then show that there is a holomorphic function g : 2 — I such that

9(0) = 0 and |¢'(0)] > [f'(0)]. [20]

B.Let 0 <r<Randlet Q ={zeC:r<|z|] <R} Iff:Q—=C
is holomorphic then show that there is a series representation f(z) =

> anpz™ (which converges for all z € ). [20]

n=—0oo

4. (a) If Q is a simply connected planar domain then show that ev-
ery non-vanishing holomorphic function on €2 has a holomorphic
logarithm.

(b) Give an example (with proof) to show that the assumption of
simply connectedness cannot be dropped. [10 + 10 = 20]
5. (a) State and prove Rouche’s Theorem.

(b) Use Rouche’s Theorem to prove that every non-zero complex
polynomial of degree n has exactly n roots. [10 + 10 = 20]



